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ABSTRACT

We extend the methods of Faltings and Tsuji, and prove that if K is a
field of characteristic 0 with a complete, discrete valuation, and a perfect
residue field of characteristic p, then the p-adic étale cohomology of a
finite type K-scheme is potentially semi-stable. We prove a similar result
for cohomology with compact support, and for cohomology with support
in a closed subspace of X. We establish a relationship between these
cohomology groups, and the de Rham cohomology of X.

Introduction

Let K be a field of characteristic 0, complete with respect to a discrete valuation,
and having perfect residue field of characteristic p. The purpose of this note is
to show that the p-adic étale cohomology of an arbitrary finite type K-scheme
X is potentially semi-stable. We also prove the analogous fact for p-adic étale
cohomology with compact support, and for cohomology with support in an arbi-
trary closed subset. The case of X proper was previously announced by Tsuji in
his ICM talk [Ts]. We also show a relationship between p-adic étale cohomology,
and de Rham cohomology along the lines of the de Rham conjecture, including
the cases of cohomology with compact support, and with support in a closed set.
If X is not smooth, then we need to use Hartshorne’s definition [Ha] of de Rham
cohomology, and we give an analogous definition of cohomology with compact
support.
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158 M. KISIN Isr. J. Math.

Our approach is heavily influenced by that of Tsuji, except that we base our ar-
guments on Faltings’ approach to the comparison theorem [Fa]. Faltings’ results
yield the comparison isomorphism in the case of cohomology, or cohomology with
compact support, if X has a sufficiently good compactification to a proper flat
scheme over Ok, the ring of integers of K. A refinement of Faltings’ arguments
shows that the comparison between crystalline and p-adic étale cohomology can
be formulated on the level of simplicial schemes. Using work of de Jong [deJ], any
scheme X admits a suitable hypercovering by schemes with such good compact-
ifications, and we conclude by a cohomological descent argument. It is in order
to apply this method that we need the comparison isomorphism on the level of
simplicial schemes. For the case of cohomology with support in a closed set, one
uses an excision argument, but as with the descent argument above, this has to
be carried out on the level of complexes, and not just on cohomology.

Although a large part of the argument consists of repeating Faltings’ techniques
in the simplicial, and another slightly more general setting, there are two technical
innovations which seem to be worth noting. The first is the definition of the sheaf,
denoted by BZ.(O) by Faltings, which is a sort of higher dimensional analogue
of Fontaine’s ring A.rs. Faltings’ definition of this sheaf involves a choice of
algebraic closure for the function field of the algebraic variety on which one is
working. We explain in (2.3) why this is not really necessary. This is important
for us, because we want to work simplicially, and it is not clear (at least to
the author) that one can make such a choice of algebraic closure sufficiently
functorially.

Our second technical contribution is to give a cleaner proof in (2.6) that a
certain “almost” map which occurs in the course of the argument is an actual
map. The proof of the analogous fact in [Fa3] is more computational.
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Rham cohomology by reducing to the complex case. Finally, I would like to
thank the University of Rennes for its hospitality during my visit in April 1999.
Part of this work was done there.
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§1. Cohomological descent

(1.1) Let D be a small category, and E a D°P topos ringed by A-algebras, for
some ring A ([SD, 1.2.1]). We denote by RI'(E/D, ) the derived functor of the
functor from the category of A-sheaves on the topos I'(E) associated to E — D°P
(denoted Mod(L(E), A) in [SD, 1.3.5]) to the category of A-sheaves on D°P which
takes global sections on each fibre of F — D°P,

Examples of the above situation may be obtained as follows: If S is a scheme,
and 7: £ = Sch/S is a ringed topos over Sch/S, the category of schemes over S
(or possibly some full subcategory), then any functor F: D°? — Sch/S gives rise
to a ringed D°P-topos &|p(pery — D°P.

(1.2) Let m € NU {co}. As usual, we denote by Alm] the category whose
objects are ordered sets [n] = {0,...,n} with n < m, and whose morphisms are
non-decreasing maps. For ¢ = 0,...,n, the unique map [n] — [n+ 1] which sends
i to ¢+ 1 is denoted by 0;, while the natural inclusion is denoted by 8,,1. We
sometimes write A for Afoc].

We denote by A;[m] the product of A[m] with the category {0, 1} consisting
of two objects (0,1) and maps ¢: 0 — 1, idg, id;. Thus maps in A;[m] are of the
form (f,ido) (f,id1) or (f, ) where f is a map in A.

(1.3) Let A be any ring. The total derived functor of the “global sections”
functor I' taking A-sheaves on A[m]°P to A-modules, can be explicitly described
as follows: If K* is a complex in D*(A[m]°P, A), denote by K™ its value on [n].
Then RI'(K*) is canonically isomorphic to the total complex T(K*®) of

K>S K'... 5 K™,

where d;: K* — K**1 is given by d; = Y-\ _(~1)79; [SD, 2.3.9].
Similarly, if K* is in D%(A1[m]°P, A), then K* consists of two complexes
K3, K} on A[lm], and a morphism of complexes K§ — K3.
We set
Ti(K*®) = Cone(T(K{) — T(K3?)).

Note, however, that this is not isomorphic to R['(K®).

(1.4) Finally, we have an obvious variants of (1.1)-(1.3) for I-adic sheaves.
Namely, if A is complete with respect to an ideal I, then we can make the above
constructions for complexes K* in Dt (D°P, A), where this category is defined
as the two limit of D*(D°P, A/I"), n € N. Similarly, if E is ringed by the
constant sheaf A, then we can define RT'(F/D, K*®) where K* is a complex in
l(i£1D+(E, A/I™). We refer to [Ek] for more details.
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Alternatively, one can work directly with inverse systems of complexes of A/I™-
modules n = 1,2,.... Formally this amounts to working in an N-topos £ x N,
where the fibre over n is the category of A/I™-sheaves on E. Then RI'(E/D, K*)
can be defined as ler_an"(E x N/D x N, K*).

(1.5) Denote by L an algebraically closed field of characteristic 0. Consider
a scheme X over L, and a proper hypercovering X* — X [De, 5.3.8]. For any
morphism Y — X of L-schemes, we set Y°* = X® xx Y, the hypercovering of Y
obtained by pulling back X*® to Y.

Let A be a ring, which is killed by some integer. We will consider three types
of data:

SITUATION 1: Given X* and X as above, we can regard the category X3,

whose objects are étale sheaves on X ét for some 4, as being fibred over A°? (by
sending X%, to [i]). We write

(1.5.1) RI'(X*,A) = T(RT'(X§,/A, A))
and we denote by H¢(X*, A) the cohomology of this complex.

SITUATION 2: Suppose we are in Situation 1, and assume we are given a closed
subscheme Z C X.

Set U = X\Z. We regard the category (X°®,U®)¢ whose objects are étale
sheaves on X* and U* as being fibred over AJ®, the fibres over ([¢],0) and ([i], 1)
being X%, and U?, respectively. Set
(152) R 7« (X*,A) = TL(RD((X*,U%)/A1, A)er).

We denote by Hg.(X*, A) the cohomology of this complex.

SITUATION 3: Suppose that there exists a dense open immersion j: X < X
with X proper over L, and a proper hypercovering X* — X, such that X® x g X
5 X* (as hypercoverings of X). Let Z =X — X, and Z* = X* x ¢ Z. We can
regard the category (X*, Z*) whose objects are étale sheaves on the X* and Z*
as being fibred over ASP. (The fibres over ([n],0) and ([n],1) are X7, and Z7,
respectively. )

We set

(1.5.3) R (X*,A) = Ty (RT((X*, Z%) &t/ A1, A))

and we denote by Hi(X*,A) the cohomology of this complex. If j*: X* — X*
denotes the open immersion of simplicial schemes, we also have an isomorphism

RT,(X*,A) =5 T(RT(X®, j*A)).
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PropPosITION (1.6): With the assumptions of situations 1,2,3 respectively, there
are canonical quasi-isomorphisms

(1.6.1) RT(X,A) = RI(X*®,A),
(1.6.2) RTz(X,A) =5 RTz¢(X*,A),
(1.6.3) RT(X,A) =5 RT.(X*,A).

Here, the left hand side denotes étale cohomology of X with the indicated support
condition.

Proof: The first claim is just usual cohomological descent {SD, 3.3.3, 4.3.2].
For the second claim, note that we have a natural morphism RT2z(X,A) —
RT'ze (X*,A), and that this morphism fits into a commutative diagram, whose
rows are distinguished triangles

RTz(X,A) ——> RT(X,A) —> RT(U, A) RTz(X, A)[1]

| l | l

RT 7+ (X*, A) — RT(X*, A) —— RT(U*, A) —= RIz+ (X*, A)1]

Since the second and third vertical maps are isomorphisms, so is (1.6.2). Simi-
larly, the third isomorphism follows from the exact triangle

RT.(X,A) —» RT(X,A) - RI(Z,A) » RCL(X,A)[1]. ®#

(1.7) We will want to consider the case where A is not a finite group. In par-
ticular, suppose p is a prime. We denote by D+ (X, @Q,) the triangulated category
obtained from D* (X, Z,) by formally inverting the maps given by multiplication
by p, and we denote by ®%p(@p: D*(X,Z,) — D*(X,Q,) the natural functor.
We define

RT(X,Qp) = Rlim RU(X, Z/p") ®7, Qp-

We define similarly R[.(X,Q,), RT'z(X,Q,) and the obvious variants for hyper-
coverings, and we denote by H'(X,Q,) etc. the cohomology of the these com-
plexes. We then have

PROPOSITION (1.8): The statement of Theorem (1.6) holds if we take A = Q,.

Proof: This follows from (1.6) by passing to inverse limits. |

(1.9) We want to explain descent for de Rham cohomology for proper surjective
morphisms. From now on we no longer assume that L is algebraically closed.
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For any category of smooth schemes over L, we denote by ° the sheaf of
differentials on the Zariski site of this category. Suppose that in situation 1 of
(1.5) the schemes X and X* are all smooth over L. We set

RO(X®, Q%.) = T(BL(X3,,/A,92%)),

and denote by H*(X*,Q%.) the cohomology of this complex. Suppose that in sit-
uation 2 of (1.5), X and X*® are smooth over L, and that the reduced subschemes
Zrd and (Z%)**¢ are normal crossings divisors. We set

RTz+ (X*, Q%) = Ty (RD((X*,U*) 240/ A1, %))

and denote by Hy.(X*®,Q%.) the cohomology of this complex. (We could also
have made the above definitions using the infinitesimal sites of X*® and (X, U*®),
and the structure sheaves on these sites.)

Finally, suppose that in situation 3 of (1.5), the X* are smooth over L, and that
the Z™d and (Z%)**? are normal crossings divisors. For each i the cohomology
with compact support RT. (X i,Q;(i) has the following description. Let Zz: be
the ideal sheaf of Z*. T,: is equipped with a connection which has logarithmic
poles in Z¢, and we denote by Q°(Zz:) the corresponding de Rham complex, with
logarithmic poles in Z¢. Then

RI.(X*, Q%) — RT(X*, Q%(Zz:)).

The Q*(Zy:) form a complex of sheaves on X® which we denote by Q*(Zz.).
We write
RT.(X*,Q%.) = T(R[(X3,,/A,Q(Iz.))),
and denote by H:(X*,£2*) the cohomology of this complex. We could have also
defined the functor RI'.(X3,,.,-) directly, as the total derived functor of the

functor “global sections with compact support.” That the two definitions agree
follows from the remarks in the previous paragraph. We then have

PROPOSITION (1.10): In the situations 1,2,3 respectively of (1.5), there exist
canonical quasi-isomorphisms

(1.10.1) RI(X, Q%) = RC(X*,0%.),
(1.10.2) Rl z (X, Q%) — Rz« (X°*,9%.),
(1.10.3) RI. (X, Q%) = RT(X*, Q%.).

Proof: Tt is clear from the definitions that we have canonical morphisms of the
sort required in the proposition. To see that they are quasi-isomorphisms we
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can reduce to the case L = C: Our situation is a base change from one defined
over a subfield L' C L, which is finitely generated over Q. Thus, we may replace
L by L’. Choosing an embedding L — C, and base changing by ®,C, we see
that we may assume L = C. In this case the result follows from the equality
of algebraic and complex analytic de Rham cohomology, and the fact that the
latter is isomorphic to Betti cohomology, which satisfies descent for a proper
morphisms. More precisely the Betti cohomology analogue of (1.10.1) is [De,
5.3.5], and the analogues of (1.10.2), and (1.10.3) may be deduced from it, as in
the proof of (1.6). |

(1.11) The results of (1.10) continue to hold, if we no longer assume that X is
smooth, and use Hartshorne’s definition of de Rham cohomology for a singular
scheme [Ha] (see especially pp. 28-29). In this case one defines RI['(X, %) as the
cohomology of the infinitesimal site of X, and one computes it by choosing local
embeddings of X into smooth schemes. Similarly, one defines RI'z (X, Q%) and
RT. (X, Q%) as cohomology of the infinitesimal site with the appropriate support
condition.

With these definitions, we get the analogue of (1.10.1), since this theory also
commutes with base change [Ha, IIT 5.2], and can be compared with Betti coho-
mology [Ha, §4]. The analogues of (1.10.2) and (1.10.3) are then deduced from
(1.10.1), as in the proof of (1.6).

(1.12) Suppose we are in Situation 1 of (1.5), and write X ™ = X*|a[n]. We
define
RD(XS™, A) = T(RT(XS™/Alm))).

There is a natural map
RI(X®,A) — RO(XS™, A)

which is a quasi-isomorphism in degrees < m. A similar remark holds in the
other two situations of (1.5), and also for de Rham cohomology.

§2. The comparison isomorphism for simplicial schemes

(2.1) In this section we work over a complete, discretely valued characteristic 0
field K, with perfect residue field & of characteristic p, and ring of integers Ok.
We denote by Ky C K the maximal absolutely unramified subfield of K. We
denote by Agis, Beris and By the usual p-adic period ring of Fontaine [Fon].
We are going to consider pairs (X, Z) with X a proper flat Og-scheme, and
Z C X a Zariski closed subset, which is flat over Og. We call the pair (X, Z)



164 M. KISIN Isr. J. Math.

semi-stable over Ok if X’ is semi-stable, and Z U X is a normal crossing divisor
in X. Here X, denotes the special fibre of X.

If K’ C K is a subfield with K finite over K’, and (X’, 2’) is a semi-stable
pair over Ok, we consider the Og-schemes X = X’ Qo,., Ok and Z the Zariski
closure of X,y Xy 2’ in X, where X, denotes the generic fibre of X.

We call a pair (X, Z) weakly semi-stable over Ok if étale locally it comes
from a semi-stable pair (X', 2') defined over some subfield K’ ¢ K of finite
index, as above. The key point about weakly semi-stable pairs is that they are a
rather simple example of logarithmically smooth schemes, with reduced special
fibres. In particular they satisfy the hypotheses (LC) of [Fa, p. 28], so we may
apply the results of that paper to them (see below).

We write X = XY ® K - Z® K, and Xz = X ®k K, where K denotes the
algebraic close of K.

A map between weakly semi-stable pairs (X', 2') — (X, Z)isamap f: X' = X
of Og-schemes such that f~}(Z) C 2’ (on underlying topological spaces). We
denote by WSP the category of weakly semi-stable pairs.

(2.2) Next we need to introduce crystalline sites. Choose a uniformiser 7 of
Ok, and denote by R the p-adic completion of the divided power envelope of
Ok, [w] with respect to the kernel of the map

w—mT

OKO[UJ] —)OK.

(This is denoted by Ry in [Fa], and the variable w is denoted there by £.) R is
equipped with a Frobenius induced by the Frobenius on Og,, and w +— w?.

We regard X as equipped with its natural log. structure (which is non-trivial
along X, U Z C X), and R as equipped with the log. structure given by N — R,
1 — w. For each positive integer s we write X; = X®Z/p*Z, and Ry = RQZ/p°Z.
In [Fa, p. 51] there is defined the logarithmic crystalline site (X,/R;)\8,,. We

denote by (X/R)1°8 = the topos obtained by passing to the inverse limit over

crys
s. Namely an object in (X/R)i%8 is a system of sheaves {£,},>1 With & in
(Xs/Ry )98, with 41 @ Z/p*L — &;. (We leave it to the reader to define the

underlying site of this topos — the logarithmic crystalline site of X/R. In fact a
better notation might be (X/ R)‘C‘;gy87 where X' denotes the completion of X along
its special fibre.)
Write Agm-s for the preimage of Ok under the usual map 6: Aeris — O, -
0

We may equip Ay,,,, and hence A.;s and Beris, with an R-algebra structure, as
follows. Denote by
wE l(in Oc, /p

T zP
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an element of the form (..., /7", x2/? ). The map Ok, [w] — O lifts to a map
of Ok,-algebras Ok, [w] = A%, by sending w to the Teichmiiller representative
[x] € A%, As A%. — Ok sends [r] to 7 and has a kernel which is equipped
with divided powers, and A9, .. 0 s
9 ;s with the log. structure given by N — A% . 1+ (]
as a formal divided power thickening in the logarithmic crystalline site of Ok /R.

is p-adically complete, we get a map R — A
0

cris

This allows us to regard A

(2.3) We recall the following site defined by Faltings [Fa, p. 27]. Objects are
pairs (U, V), where U — X is étale, and V — U x y X is finite étale. Maps are
pairs of compatible maps U’ — U V' — V, and coverings are pairs of surjective
maps. We denote this site by Xr, (although it depends also on Z). There is
morphism of sites (X z) g — Xr, given by (U, V) — V. Also, we denote by 7 the
morphism of sites r: Xp, — Xg given by U — (U, Ug) for U Zariski open in X.

According to [Fa, p. 50], for every positive integer s, the natural map

(2.3.1) RI(Xpa, Z/p°Z) — RU(Xg 4, Z/p°ZL)

is a quasi-isomorphism.

We need certain sheaves of rings on X'r,. These are defined in [Fa, pp. 31, 54],
but our descriptions differs a little from that of Faltings.

Let

(=[p]-peW:=W(lim Og/p).
T TP

For positive integers r, s we defined a sheaf ” Ai,¢(0)/(¢",p®)” on Xp, as fol-
lows. Let (U, V) be in Xp,, assume that U = Spec(H) is affine and denote by
H' the normalisation of H in V. Consider the site consisting of infinitesimal
thickenings Spec H' /p*H’ — SpecG over Ok, /p*Ok, such that the kernel of
f: G — H'/p*H' satisfies ker(f)" = 0. Then ” Aps(0)/(¢T,p%)” is the sheaf
associated to the presheaf

(U’ V) = Hi?]f,r(H//psH//OKo/psoKoy Oinf,r)

obtained by taking global sections over the site described above. We denote by
Aing(O) the pro-sheaf I‘EI”Ainf(@) /{¢",p*)”, where the inverse limit runs over 7
and s.

Similarly, we define sheaves ” B}.(O)/p*” and ” B1%(0)/p®” on Xp, as follows.
"B2.(0)/p* is the sheaf associated to the presheaf which attaches to (U, V) the
crystalline cohomology of (H'/p*H')/(Ok,/p°Ok,). Let O denote the sheaf
attached to the presheaf (U,V) — H'. Then we write ” B1,%(0)/p*” for the
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subsheaf of ” B}.(O)/p®” consisting of those sections which map to H/p*H C
H'/p*H' under the natural map " B}.(0)/p*” — O/p*O. A standard argument
shows that this map is a surjection. (In the notation of [Fa] this corresponds to
the fact that B} (R) surjects onto i%) In particular, locally on Xp, " BL°(O)/p*”
is a divided power thickening of H/p*H. We denote by B (O) and B}.°(O) the
pro-sheaves lim” BF(0)/p®” and lim ” B1:%(0)/p*” respectively. We will abuse
notation, and drop the ” 7 from the notation above.

These constructions are functorial in the pair (X, Z). In particular, when
X = Spec(Og), this construction gives the rings Aeris and A%,,,, and in general
B (O) (resp. B:°(0)) is a sheaf of Agis (resp. A%, )-algebras.

cris

(2.4) Let D be a small category, and consider a functor F: D°P — WSP. We
denote by (X*, Z°) the image of the functor F, and write X* = Y*QK — Z*QK.
(So X* is the image of a functor from D°P to K-schemes.) We may consider
various sites on the schemes in X'® (étale, log. crystalline etc.), and for each such
choice we get a topos over D°P.

Let £ be a sheaf on (X*/ R)lc‘;%s. Note that for any positive integer s, £ induces
a sheaf, again denoted by &, on the log. crystalline topos of the reduction of
(X*/R) modulo p*. We attach to £ a sheaf £(BL°(0)/p*) on X3, as follows. It
is enough to define £(B1°(0)/p*) on (U, V) such that B+.9(O)/p® is a divided
power thickening of H/p*H, since any (U, V) can be covered by neighbourhoods
satisfying the above condition. For such (U, V) we define

E(BL(0)/p°)(U, V) = E(BL°(0)/p* (U, V),

0 .
cris”

where B1:%(0)/p® is equipped with an R-algebra structure via that on A
Evaluation of global sections over each fibre of X* — D°P gives a map

(2.4.1) T((X*/R)5%./D,€) = D(Xpa/D, E(BL(0) [p%)).
Hence, we also get a map on total derived functors
(2.4.2) RI((X*/R)%./D,€) — RU(Xp, /D, E(BL(0)/p%)).

In particular, we have the above, when £ = O( Xo/R)8 - Taking the limit over s
orys
we may form the composite

(24.3)  RT((X*/R)t /D,O

crys

— RT(X2,/D, BX(0))
— RU(X8,/D, BL(0)).

(xe/R)5,)
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(2.5) It follows from the main result of [Fa, §3], that the natural map
(2.5.1) RU(X},/D, Zy) %, Aint(Og) = RT(Xf,/D, Aint(0))

is an almost quasi-isomorphism, in the sense that the kernels and cokernels of the
maps on cohomology are killed by n C A;,;(Og), the ideal generated by elements
of the form [p®| (o € QF), where [p®] denotes a Teichmiiller representative which
satisfies v, (0([p®])) = a.

Next we have a natural isomorphism (cf. [Fa, p. 54])

Ain(0) @ 4,,0(0z) Acris/p® — BL(O)/p’.

Note that, since (,p form an Ain¢(O)-regular sequence, and Ay e(O)/(¢,p) —
O/p is flat over Og /p, we have an isomorphism

Aie(0) ®H/3inf(o,-() M 5 Apng(0) @0y M

for any Ain(Og)-module M which is killed by some power of the ideal (¢,p).
(I am grateful to the referee for pointing out that; because these rings are not

Noetherian, it is not clear whether Aiy(O) is actually flat over 4je(Og).) In
particular, we can apply this to M = A /0",
Thus, applying ®%1i,,f(ok)Acris/ps to (2.5.1), we get almost isomorphisms

RF(X}G/D, Acris/ps) - RF('X;‘a/Dv Ainf(@)) ®HAinf((’)R) Acm'S/ps
— RT(Xz,/D, BL(0)/p").
Here, the last isomorphism may be seen by noting that for each r > ps we have
RF(XI.?‘a,/Dﬂ Ainf
—s RT
=+ RT
—5 RI'

O)/(C"1°) ®%, 001/ (crpe) Acria/ D’

o/ D, Aint(0)/(C7,0%) © 4, 00/ (¢r ps) Acris/P°)
Xpo/ Ds Aint (0)/(C7,1°) @ s (0 )/(¢mp%) Acris /D7)
Xpa/D, BL(0)/(¢",p°)) = RT(X},/D, BL(0)/p%))

o~ L~

and passing to the inverse limit over r. Finally, passing to the limit over s yields
an almost isomorphism

(2.5.2) RT(Xp,/D, Acris) > BT (X3, /D, B1(O)).

Now assume that D = A[m)] for some m. Apply the functor T to (2.4.3) and
(2.5.2), and take cohomology. Using the isomorphism (2.3.1) and the almost
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isomorphism (2.5.2), we get an almost map (i.e., a map in the category obtained
by formally inverting almost isomorphisms)

(2.5.3) Hi(T(RF((X'/R)IC(;%S/D,O(X./R)log ))) Qr Acris[l/p]

As in [Fa, pp. 61-62], there is a natural isomorphism

(2.5.4) HY(T(RT((X; /Oko) s/ D, O(xs /0k, o8, ) B0k, B

crys

> HY(T(RT((X*/R)§54/D; O xe /pyes ));

crys
where X3 = X* ®p, k. Combining this with (2.5.3), we get an almost map

(2.5.5) H (T(RT((X?/Oxk,)" 8 /D, O(xs /01 )% ) ®k, Acris[1/p]

crys

— HY(T(RT(X2,/D,Qy))) ®g, Acris[1/p].

(2.6) The maps in (2.5.3), (2.5.4) and (2.5.5) are compatible with Frobenius
actions. Using this one can deduce that the almost map (2.5.5) is actually a map:
Note that (2.5.5) is induced by a map from the left hand side of (2.5.5) to the
right hand side multiplied by [p=*] for every a > 0 (here [p~*] = [p*]~!). Thus,
it would be enough to show that [, [P~ *]Acris[1/p] = Acris[1/p]- In fact, I do
not know if this is true. However, since Frobenius induces an automorphism of

crys

the first term in the tensor product on the left hand side of (2.5.5), it is enough to
show that (,sq[p~*|#(Acris[1/p]) C Acris[1/p]. Now assume that o < 1. Then
a € Acris[1/p] can be written as a = .2 a;[p]*/i!, where a; € W([1/p], and we
deduce that [p~*|¢(Acris[1/p]) C [p~*]W([1/p] + Acris[1/p]. We are reduced to
showing that

(2.6.1) 0= (P~ *IWIL/p] + Acris[1/])/Acris[1 /)
= (e~ IWI1/p)/([p™*IW[1/p] N Acris[1/p)-

It is easy to check that () [p™*]W = W. Since [p?] and p form a regular
sequence in W, we have [Q“ﬂ]W NWI[l/p] = W for any 8 > 0, so that
[p P~ W N [p~*]W[1/p] = [p~*]W. It follows that

ﬂ[l’ W(L/p] = ﬂ[P W)[1/p] = W[1/p].

It follows that (,[p~*]W[1/p]/W[1/p] = 0, so in order to show (2.6.1) it is
enough to show that [p~*|W[1/p] N Aeris[1/p] = W([1/p], or, equivalently,
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wn [Qa]Ams = [p*]W. In fact, it is enough to show this for a of the form
o = 1/p" for r a positive integer.

Now the Frobenius induces an automorphism of W. Hence z € [p!/?"]W if and
only if ¢"(z) € [p]W. It follows that it is enough to show that WN[p|Acris = [p|W,
or equivalently, that the natural map W/[p|lW — Acpis/[plAcris is an injection.
However, this map even has a retraction: Since p and [p] form a regular sequence
in W, W/[p]W is p-torsion free. Moreover, W/([p],p))W — Og/p, hence the
kernel of the map W/[p|W — Og/pis equal to (p), and is, in particular, equipped
with divided powers. The fibre product W/[p]lW xo_/, Oc, therefore has the
structure of a formal divided power thickening of Oc,. The required retraction

is then induced by the composite
Acris - W/[B]W XOg/p OCP — W/[B]W’

where the first map is constructed using the universal property of A.,;,, and the
second is projection onto the first factor.

(2.7) Now [Fa] shows that (2.5.5) tensored by ®4_ ;. [1/p]Beris is an isomor-
phism in the case when D consists of a single object. It follows that our map
is also an isomorphism, because the functor T' takes acyclic complexes to acyclic
complexes.

The first term in the tensor product on the left hand side of (2.5.5) is equipped
with a nilpotent monodromy operator N. If we equip the right hand side of
(2.5.5) with the natural diagonal Gal(K/K) action, then (2.5.5) becomes Galois
equivariant provided we equip the left hand side with the Galois action given
by exp(B(c)N) ® o, where 0 € Gal(K/K)), and B(0) € Acpis[1/p] is defined
by o([z]) = B(0)[x] (see [Fa3, p. 130] for an explanation of this). Finally, if we
choose u € By such that o(u) — u = B(s), and ¢(u) = pu, tensor (2.5.5) by
®A.,:.[1/p)Bst and compose with the automorphism exp(—N ®u) of the left hand
side, then we get an isomorphism

(2'7'1) Hi(T(Rr((X;/OKo)lcorgys/DaO(Xsn/oKO)’Oz ) K, Bst

crys

— H'(T(RL(X;,/D,Qy))) ®q, Bt

cris

which is Galois equivariant, when we let Gal(K/K) act on the left hand side via
the second factor.

Now consider the case when D = A;[m]. Using essentially the same arguments
as above, we obtain the analogue of (2.7.1) with 77 in place of T. Indeed, the map
is constructed in exactly the same way, and the fact that it is an isomorphism
follows from the case D = A[m] by “excision.”



170 M. KISIN Isr. J. Math,

Finally, consider again the case D = A[m]. Using the result of [Fa] on
compactly supported cohomology, and the arguments above, we get a Galois
equivariant isomorphism

(2.7.2) HY(T(RD((X3 Ok, DT s s, ) @ Bos

~ H'(T(RTc(X /D, Q) ®g, Bt

where J denotes the crystal on X?/Og, which is defined as follows (cf. [Fa
pp- 52-53]): it is enough to make a functorial construction of J on each X¢. Lo-
cally (Xi, Z%) lifts to a pair (X%, Z%) over Ok, , with X7 log. smooth with trivial
log. structure outside X U £¢, and this lift is unique up to (non-canonical) iso-
morphism [Ka, 3.14]. The ideal sheaf J of Z2 C X! is equipped with a connection
with logarithmic poles along 2;, and this induces the required log. crystal.

(2.8) We want to explain the connection between the crystalline cohomology
groups which appeared in (2.5), and de Rham cohomology. Starting with the
case D = A[m], and applying ®gK to (2.5.4) (via R“F K), one sees that
(2.8.1) HY(T(RT((X?/Ok,)'%8,/D, Oxs /01y )15, ) B0k, K

crys

—~—>Hi( (RF((X'/R)IOE; /DVO(X'/R)L"T%,S)))(@RK'

crys

crys

However, a direct calculation with de Rham complexes shows that the right hand
side is computed by taking the de Rham complex on (X*® K )%™ with logarithmic
poles along (2* @ K)°", forming a double complex, and taking the cohomology
of the associated single complex. Here, (X* ® K)®* and (2! ® K)*® denote
the associated analytic spaces. By rigid analytic GAGA, the complex we have
obtained is quasi-isomorphic to the analogous complex built from logarithmic de
Rham complexes on the algebraic schemes X* ® K, and the cohomology of these
computes the de Rham cohomology of X* = X*® K — Z* @ K by [De2, 3.13].
Thus the right hand side of (2.8.1) is quasi-isomorphic to H*(X*,Q%.). Under
these isomorphisms (2.8.1) becomes the simplicial version of the Hyodo-Kato
isomorphism [HK, 5.1]. Using (2.7.1), we obtain a Galois equivariant isomorphism

(2.8.2) HY(X*, Q%) ®k, Bt — Hy(X 8, Q) ®g, Bst ®k, K.
Using the variant for D = A;[m], we get in a similar way
(2.8.3) Hyo(X*, Q%) ®k, Bat = Hy; 7(X3, Q) ®g, Bst Ok, K.

Finally, using (2.7.2) and the characterisation of de Rham cohomology with
compact support given in (1.9) we get

(2.8.4) HY(X®, Q%) ®K, Bst = HY(X%, Q) ®g, Byt ®k, K.
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§3. Potential semi-stability of étale cohomology

Before proving results on étale cohomology we need the following

PROPOSITION (3.1): Let X be a proper K-scheme, and Z C X a closed subset.
Then there exists a proper flat Og-scheme X and a dense, open immersion
X — X. Let Z denote the closure of Z in X.

Let m be a positive integer. For any X as above, there exists a finite extension
K' of K such that, after replacing X,Z and X by X @ K',7Z @k K', and
X ®o, Ok, and Z by the closure of Z ®x K' in X, we have the following
situation:

There exists a proper hypercovering X* — X such that, if p;: X* — X denotes
a piece of the hypercovering with i < m, then (X% p;'(Z)"d) is weakly semi-
stable.

Proof: The existence of X is Nagata’s theorem. To construct the required
hypercovering we use the result of de Jong [deJ, 6.5]. This says that for any (X, Z)
as above, after a finite extension of scalars K'/K (replacing X by X ®0, Ok, as
above), we can find a proper flat Ok -scheme, and a proper surjective, generically
finite map p : X’ — X such that X’ has semi-stable reduction, and p~1(Z)r*dux!
is a normal crossings divisor.

The proposition now follows by repeatedly applying de Jong’s result, first to
(X, Z), as above, then to suitable fibre powers of pieces of the hypercovering
already constructed (after omitting components supported in the special fibre).
We refer to [SD, 5.1.3] for details. If we only require that (A% p;'(2)req) is
weakly semi-stable for ¢ < m for some positive integer m, then we can assume
that the hypercovering X'® is defined over Ok with K’ a finite extension of K.
|

THEOREM (3.2): Let X be any finite type K-scheme, and Y C X a closed subset.
Then for i € N, the representations of Gal(K /K) on the étale cohomology groups
HY(Xg,Qp), H{(Xg,Qy), H, (Xg,Q,) are all potentially semi-stable.

Proof: By Nagata’s theorem there is a proper K-scheme X, which admits X as
a dense, open subscheme. To see the claim for H*(Xg,Q,) (resp. Hi(Xg,Qp))
we apply (3.1) to X and Z = X — X. Choose m > 2d + 1, where d is the
maximum of the dimensions of the irreducible components of X. Then the result
follows from (2.7.1) and (1.6.1) (resp. (2.7.2) and (1.6.3)) keeping in mind the
remark of (1.12).
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Finally, for HY. (X g, Qy) choose X as before, and set Z = X — X, and Y equal
to the closure of Y in X. We apply (3.1) to ZUY C X. Now the result follows
from (1.6.2), and the remark following (2.7.1) |

THEOREM (3.3): Under the assumptions of (3.2), write B = By; ®, K. There
are canonical isomorphisms

(3.4.1) H'(Xg,Qp) ®q, B~ H'(X,Q%) ®k B,
(3.4.1) H{(Xg, Q) ®q, B H(X,0%) ®k B,
(3.4.1) Hy (Xg, Q) ®q, B Hy(X,0%) ®k B.

In particular, the same is true if we instead take B = Bpg.

Proof: This follows from (1.10), (2.8), and the same arguments as in the proof
of 3.2). m
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